I. Introduction
Aerothermodynamic heating loads on reentry vehicles are increased by shear-layer/boundary layer development, and the design of the thermal protection system depend critically on the ability of predicting transition. Supersonic shear-layers form in the windward region of the vehicles due to shock-shock interactions near the engine leading edge 1 or in the leeward region of blunt body capsules near the separation region.
2 In either cases, transition affects the thermal load at the impingement of the shear-layer with solid surfaces. Carbon chemistry is important for planetary reentry, given the large concentration of carbon dioxide in the Mars and Venus atmosphere. Carbon chemistry also affects the development of fine scale mixing in cavity stabilized supersonic combustors, 3 where shear-layers are formed between the air stream and the burnt gas recirculating in the cavity.
Vibrational relaxation in carbon dioxide was shown by experiments 4 and computations 5 to decrease the growth rate of second mode boundary layer instabilities. Fuji and Hornung 4 link the stabilization to the absorption of acoustic energy into molecular internal degrees of freedom, thus removing the fundamental trapping mechanism supporting neutral two-dimensional acoustic modes. The second inflectional modes of boundary layers discovered by Mack 6 are similar to the supersonic shear layer modes discovered by Jackson and Grosch 7 because they originate when the compressible Rayleigh equation 8 becomes hyperbolic in a region including at least one boundary, and thus admits multiple solutions. The major difference between the supersonic shear layer and acoustic boundary layer modes is that the former ones have neutral solutions that are radiative and vortical, while the latter are trapped and acoustic, i.e., no radiation occurs in the free-stream. Therefore, the fundamental question at the base of the present research is whether (and by how much) carbon addition slows down the development of the shear layer, in light of the fact that the acoustic trapping mechanism invoked by Fujii and Hornung 4 is not present in free supersonic shear-layers.
In the present research carbon vibrational chemistry is analyzed with a detailed model which includes the contributions of molecular vibration to both kinetic and transport terms. This approach leads to high fidelity predictions for chemical times, but also requires the solution of a large set of partial differential equations. For high convective Mach numbers (M c ≈ 0.86 9 ) vortex pairing, typical of incompressible shear layers, is not observed, Biot-Savart induction between paired structures disappears, large organized structures are not observed, and the system in purely convective far into the transition regime. For convectively unstable flows, the nonlinear parabolized stability equations (NPSE) 10 are a suitable alternative to direct numerical simulation (DNS) and provide a cost-effective mean of simulating transition with detailed chemistry.
Previous NPSE analysis of mixing layers 11 were limited to equilibrium chemistry with simplified caloric and thermal equations. Moreover such analyses were not extended in the transition regime, thus no information was provided about the contribution of streamwise vortices to transition. In the present work, both NPSE and linear analysis of carbon containing shear layers are investigated. Parallel and non-parallel (streamwise relaxation) chemistry effects are analyzed for a set of carbon molar contents, velocity ratios and perturbation intensities. The formation of streamwise vorticity and their effect on transition are correlated to the carbon content.
II. Governing equations
Day et. al., 11 showed that the thin-shear-layer NPSE approximation reproduce DNS evolution of supersonic two dimensional shear-layers. The governing equation for the present research are obtained by adding to the thin-layer unreactive Navier-Stokes detailed chemistry and transport while ignoring cross (Soret) diffusion terms.
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Letting x the streamwise direction, z the spanwise direction and y the cross-wise direction, the governing equations are Dρ Dt
Note, ref. [11] retained only the first term in RHS of equation (1c), and neglected viscous heating, the last term in equation (1e). Viscous heating will be proven to play an important role in non-equilibrium problems by supporting both the temperature overshoot along y and streamwise relaxation in x.
Caloric and thermal properties are found using multicomponent mixture rules, e.g., ref. [12] , adapted to the vibrational non-equilibrium case. The transport coefficients µ, ν, λ and δ depend not only on the molecular composition, but also on the vibrational state of the molecules and are evaluated as described by ref. [13] .
III. Chemistry Model
The kinetic model is based on that developed by ref. [14] , includes four species CO 2 , CO, O 2 , O and allows for molecular vibration in non-equilibrium by considering only the antisymmetric mode of CO 2 . At freestream temperatures higher than 1000 K molecular rotation and symmetric stretch-bend motion of CO 2 can be assumed in equilibrium with the translation mode. To this end, the repartition of energy into carbon dioxide equilibrium modes is modeled through temperature dependent weights associated with each antisymmetric mode. On the other hand, the non-equilibrium energy transfer between antisymmetric vibrational quantum states is controlled by source terms. The chemistry can be categorized as a semi-classical model, where the vibration in quantized while translation and rotation are modeled as a continuum. The quantized energy includes four vibrational levels for CO 2 , five for CO, and six for O 2 .
Most of the kinetic parameters are taken from ref. [14] , with the exception of the spectroscopic constants of CO 2 . The equilibrium weights and the vibrational energies of the asymmetric degree of freedom are evaluated by averaging all allowable transitions probabilities reported in the 2010 HITEMP database: 15 4,878,628 transitions are considered in this study. First, the spectroscopic constants of the asymmetric stretch are evaluated by expanding the molecular energies in terms of asymmetric vibrational v and rotational J quantum numbers,
where the second and third arguments of the function on the left hand side are the symmetric stretch and bending vibrational quantum numbers. The harmonic and anharmonic vibrational constants G v = ω e (v + 1/2) − ω e x e (v + 1/2) 2 are found by fitting the G v value obtained in the Dunham expansion equation (2). The fitting yields ω e = 2373.9 cm −1 and ω e x e = 12.43 cm −1 .The temperature dependent weights of the asymmetric levels are determined by direct summation over the symmetric stretch-bend pair of quantum numbers (u, w) and the rotation number J,
where k is the Boltzmann constant, and g v,u,w,J is the degeneracy of the vibrational degree of freedom identified by the quadruplet (u, v, w, J).
Results for the averaging are presented in Fig. 1 . The left panel shows that four CO 2 vibrational modes, v = 0 − 3, are sufficient to represent the variation of the total partition function (rotational plus vibrational, cf. ref. [16] )in the temperature range 300 < T < 3000. The right panel shows the error in the partition function contribution of the asymmetric vibrational level v when the diatomic harmonic formula
is compared to the direct summationḡ
In equation ( (4)) when compared to the direct summation for a given asymmetric mode v.
III.A. Linear parallel growth rates in hypersonic shear-layers
The spatial linear analysis reveals that carbon chemistry does not affect the number and type (radiative vs. evanescent as defined in the previous section) of eigenmodes. Two linear modes exist for convective Mach numbers greater than one. The two modes are shown in Fig. 2 . The most unstable three-dimensional eigenmode is found by minimizing the imaginary part of the the spatial eigenvalue α = α r + iα i against the time frequency ω and the obliquity angle β. The linear growth rate is defined as the negative of the imaginary part of the most unstable eigenvalue −α i,min . The minimization procedure is described by ref. [17] . The linear analysis is carried out with both equilibrium and non-equilibrium perturbation dynamics. A parallel-flow analysis neglects streamwise variations in the mean profile, therefore, a self-similar, equilibrium base flow is used for both equilibrium and non-equilibrium cases. The non-equilibrium linear growth rate is plotted in Fig. 3 against the oxygen molar content for three velocity ratios β u , three free-stream temperatures, Re θ = 285, and M = 4 and 5. In order to highlight the contribution of carbon chemistry, the growth rate are normalized by the local value for O/C = 10, i.e., roughly corresponding to O 2 in a cold free-stream. A three-fold in crease in Re θ leads to marginal changes in α i /α i,O2 . The results show that freestream CO 2 is destabilizing at low T and stabilizing at high T when compared to O 2 , while CO is stabilizing for all cases. Consequently, at low temperature carbon dioxide supports a maximum growth rate against the molar content, and the ratio α i,CO2 /α i,O2 increases when β u is decreased. The peak in growth for O/C = 2 is correlated with the thermally activated dissociation of CO 2 → CO + 1/2O 2 . The effect is primarily related to changes in the mean profile and the location of the generalized inflection point caused by the cooler dissociating gas; viscous heating (Eckert number E c ≡ (
2 ) effects explain the dependence of the phenomenon on β U . In fact, additional test cases link the maximum growth rate to T ∞ /θ D,CO2 , where θ D,CO2 = 63, 500K is the characteristic dissociation temperature for carbon dioxide. The phenomenon is not caused by non-equilibrium source terms, and occurs also in the equilibrium eigenvalue computations. A lower value of β u leads to a reduction in M c and, therefore, higher growth rates independently of the mean profile. Changes in mean profiles due to viscous heating reduce the instability gain and becomes more prominent at high Mach number because of the scaling Ec ∝ toM 2 . The growth rate is plotted in non-dimensional form against β u in Fig. 4 for three free-stream temperatures indicated (in Kelvin) in the title of each column, and two values of M = 4, 5 for the top and bottom row respectively. On one hand, at 2000K, the growth rate increases faster when β u is decreased for CO 2 than for O 2 . The rationale is that CO 2 dissociates at lower temperature than O 2 , thus countering more effectively the terms scaled by the Ec number. The effect is stronger at M = 5 than at M = 4. On the other hand, at 4000K, the contribution of O 2 dissociation becomes prominent because of the larger dissociation enthalpy ∆H CO2 /C p = 7.62 K vs.
∆H O2 /C p = 17.28 K measured at 300 K. Therefore, the maximum growth rate against carbon content shifts towards high O/C ratios at T = 4000 K. The cross over effect is analyzed in more details when α i /α i,O2 is plotted against the freestream temperature in Fig. 5 . In the top row, CO 2 and CO growth rates are scaled by the O 2 analog and plotted against the free-stream temperature for Re θ = (300, 1000), β u = (0.25, 0.5) and M = 4. Variations of the augmentation ratio α i /α i,O2 with the momentum thickness are due to Damkholer scaling, and, thus, indicate a secondary effect of non-equilibrium kinetic on growth rate. The increase of α i,CO2 /α i,O2 for T ∞ ∈ [1000, 2200] K, and the drop of both α i,CO2 /α i,O2 and α i,CO /α i,O2 for T ∞ ∈ [2200, 4000] K is explained by the previously discussed effect of dissociation on viscous heating terms. The fast increase in both α i,CO2 /α i,O2 and α i,CO /α i,O2 at T ∞ ≈ 4200 K is due to the increase in the Eckert number due to the dissociation of O 2 into atomic oxygen and the consequent increase in γ ∞ .
To prove this, the bottom row of Fig. 5 shows growth rates against the freestream temperature for the same conditions as in the top row, but evaluated with an hyper-tangent velocity profile and passive temperature and species.
, where Y is the Howarth-Dorodnitzyn variable Y = y 0 ρ dy, the passive flow-field is evaluated from,
where
The chemistry dependent Eckert number is the only differing parameter among the three molecules in the simplified model and the matching at high temperature between simplified and detailed rates leads to the conclusion that Ec effects are responsible for the stabilization of the O 2 shear layer for T ∞ > 4200 K. An increased Mach number magnifies the effect of carbon chemistry on shear layer instability. The effect is related to the increased Eckert number and the thermally activated chemical reactions at the maximum shear line. The variation of α i /α i,O2 with the freestream Mach number is shown in Fig. 6 . The effect of carbon content can be significant at high temperature, and the growth rate in CO stream becomes lower than half the O 2 value at M = 8. Temperature ratios effect are smaller than Mach number analogs at the low end of the temperature range considered T ∞ ≈ 2000 K. At larger temperature, the effect can be significant as shown in Fig. 7 , and the effect is mainly related to changes in convective Mach number for dissociating molecules. This effect is only weakly related to carbon chemistry, thus, the temperature ratio will not be analyzed in the non-linear computations, which will be carried out with β T = 1.
The non-dimensional equilibrium growth rate does not depend on Re θ because the self-similar shearlayer has no geometrical length scale, and the use of the momentum thickness as dimension removes the dependence of the eigenvalue on the vorticity length scale. On the other hand, the non-equilibrium growth rate has additional length scales, defined based on the combination of convective velocity (fixed by Eckert number and free-stream temperature) and source term strength, which can be quantified using the eigenvalues of the Jacobian of the source term, see ref. [17] . For fixed freestream temperature and Eckert number, Re θ represents Damkhöler effects and, in the limit Re θ → ∞, the non-equilibrium rate approaches the equilibrium analog.
The analysis of finite Damkholer number effects is carried out with constant self-similar and equilibrium mean profiles. Figure 8 shows the ratio between non-equilibrium and equilibrium growth rates against Re θ for three temperatures, three carbon contents, β u = 0.25 and 0.5, and M = 4. The deviation from equilibrium monotonically decreases with Re θ . The value of Re θ where the the non-equilibrium growth rate approaches the equilibrium value decreases as temperature increases because higher temperature leads to faster kinetics thus overwhelming the transport terms in the species perturbation equation. The growth rates at low Reynolds number in Fig. 8 indicate the existence of a maximum in α i /α i,eq for CO 2 at T ∞ ≈ 2500 K, while a monotonic increase for α i,O2 /α i,eq,O2 in T ∞ ∈ [1500, 3500] K. The kinetic rates are thermally activated, thus for T ∞ → ∞ the nonequilibrium growth rate is expected to approach the equilibrium counterpart, i.e., α i /α i,eq → 1. The variation of growth rate with the stream temperature is plotted in Fig. 9 in terms of α i /α i,eq for β T = 1 and M = 4. The maximum deviation from equilibrium is dependent on both the carbon content and momentum thickness: it occurs close to 1500 K for CO, around 2500 K for CO 2 and slightly above 4000 K O 2 . The peak in the oxygen value is linked to source terms controlling the dissociation reaction 2O + M → O 2 + M , while the peak in CO 2 is associated with the exchange reaction CO 2 → CO + 1/2O 2 .
In order to eliminate the contribution of reactive collision and isolate that of vibrational relaxation, in the bottom-right panel the rate constant of the reactive ones is multiplied by 1000, effectively pushing in thermochemical equilibrium. The peak in α i /α i,eq due to vibrational relaxation occurs at a lower temperature than the baseline case (bottom-left panel), and its magnitude is about half that due to dissociation chemistry.
Results for β u ∈ [0.25, 0.75] and β T ∈ [0.7, 2] confirm the trends shown in Fig. 9 , thus, an energizing effect (smaller than 15 %) of finite rate chemistry when compared to equilibrium is found for all shear layers analyzed. On one had, this conclusion is not antithetic to the boundary layer analysis of Johnson and Candler, 5 who showed that finite rate chemistry is stabilizing for conical flows. The rationale is that ref. [5] compared frozen and finite rate chemistry. Growth rates obtained with these two caloric models are compared in Fig. 10 , which replicates first and second panels of Fig. 9 , and shows kinetic driven stabilization at non-zero Damkhöler number. On the other hand, the effect of finite rate chemistry on carbon containing shear layers cannot be explained by acoustic energy absorption into vibrational degrees of freedom, which peaks at some characteristic frequencies, as explained by ref. [4] . The rationale is that −α i monotonically decreases with the Damkhöler number.
In summary, endothermic reactions affect supersonic shear-layer instability in two ways. The primary effect, of magnitude lower than 30% for M <= 5, is due to changes to the base profile primarily associated with dissociative and interchange reactions. The effect is energetic when endothermic reaction reduce the temperature peak at the maximum shear line supported by viscous dissipation. A secondary, kinetic controlled, stabilizing effect has magnitude lower than 15% and is related to absorption of fluctuating energy into molecular degrees of freedom. The effect becomes more prominent with an increase in Damkhöler number.
IV. Parabolized stability expansion
The flow solution φ = [p, u, v, w, h, Y i ]
T is decomposed in a two dimensional meanφ and a three dimensional fluctuating part φ ′ , which is expanded in Fourier modes
where, φ
is the part of the amplitude that varies on the fast fluctuation spatial scale ℜ (α mn ) −1 , β 1 and ω 1 are the fundamental frequencies. The enthalpy h includes both sensible and formation parts, and is related to the other thermodynamic variables via a mixture dependent caloric equation of state.
Substitution of the PSE expansion in the Navier-Stokes equation leads to the parabolized stability equations for the slow varying amplitudes
whereF mn is the vector of non linear interaction terms, while A, B, C, D are coefficient matrices. The exponential factor α mn is determined by imposing a magnitude constraint on the growth ofφ mn
where˜ v is the vector of velocity components inφ. The imposition of the constraint equation (9) removes the fast fluctuating component of length scale ℜ (α mn ) −1 from the amplitude termφ mn . By doing so the elliptic contributions are removed (with a weak residual term, see ref. [10] ) from the shape function update equation (8) , and a space-marching procedure can be used to advance the solution in the streamwise direction.
IV.A. Wave breakdown distance
Transition to fine scale mixing is of primary importance in chemically reactive mixing layers, because it strongly enhances molecular scale mixing.
9 Transition in shear layers is characterized by secondary excitation of streamwise vortices, 18 which leads to a formation of spanwise scales, and a highly three-dimensional field at transition. Linear analysis neglects the secondary excitation of vortices, thus its ability to predict transition depends on the relative importance of secondary vortices when compared to the primary forced wave.
The present non-linear non-parallel analysis relays on the NPSE breakdown distance to determine the effect of chemical non-equilibrium on supersonic transition to fine scale mixing. The wave breakdown distance x * is defined as the distance beyond which the flow perturbation ceases to have a wave-like form, and non-linear effects become significant. Herbert 10 finds that the NPSE breakdown accurately predicts the transition to turbulence over turbine blades when compared to experiments and DNS. Chang and Malik
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analyzed the breakdown of oblique waves over flat plates, and cite good agreement between NPSE and DNS. Chang 20 argues that a transition analysis based on calculating the finite amplitude waves contribution to skin friction is a high fidelity alternative to engineering methods based on the N factor. In shear layers, Day et. al., 11 observed transition in NPSE simulations with strong three-dimensional forcing. Finally, experiments discussed by ref. [9] show that transition to fine scale mixing in high convective Mach number shear layers lacks vortex pairing as in the subsonic analog, thus removing uncertainty about the influence of non-convective Biot-Savart induction (which is not included in the NPSE) on shear-layer transition.
The maximum shear stress is a function of x defined as
The left panel of Fig. 11 shows (for a typical case as described in the caption) the axial variation of τ y , while the right panel shows the corresponding ratio between perturbed and laminar stresses ∂τy ∂x / ∂τ y,laminar ∂x . The laminar solutions are shown in the left panel with thick lines for three carbon as indicated in the legend. The streamwise variation indicates a substantial increase over the laminar analog, and that the stream-wise derivative of τ y becomes very large at breakdown. The breakdown distance x * is evaluated where the PSE update fails, ie., when the solution cannot be advanced in time with a dx > 1 × 10 −3 mm. This condition is always accompanied by a sudden increase in τ y . Therefore x * identifies where ∂τy ∂x / ∂τ y,laminar ∂x becomes large, which is analogous to the "rapid rise in skin friction" criterion proposed by ref. [20] . 
IV.B. Breakdown distance against carbon content
The breakdown distance is plotted against β u in Fig. 12 . The free-stream temperature is T ∞ = 2000 K, and the left column shows the self-similar profiles, while the right one shows the parabolic approximation. The slef-similar breakdown distances are in agreement with the linear analysis as far as the role of carbon chemistry on shear layer instability: a molar ratio corresponding to carbon dioxide supports the fastest transition. A comparison between Figs. 12 and 4 suggests that non-parallel effects are considerable for small Re θ , and that the breakdown distance is not monotonic for β u ∈ [0.25, 0.8] as predicted by the linear analysis shown in Fig. 4 .
In general, the magnitude of carbon effect is stronger on x * than on the linear growth rate. The effect is more significant for the weaker forcing condition χ = 5 × 10 −4 , which reflects the less prominent role of forcing for larger transition distances.
In CO 2 , the effect of streamwise relaxation is considerably larger than in the two other molecules. The plots in the left column indicate that CO 2 supports larger breakdown distances than the two other molecules for low β u and ℜ θ = 250. The effect of streamwise relaxation is significantly reduced at ℜ θ = 500, in which case self-similar and parabolic profiles lead to very similar x * .
Mach number and temperature effects are analyzed in Fig. 13 . Addition of carbon stabilizes the shear layer at 4200 K. A comparison between self-similar and parabolic profiles, shown in the first row, confirm the role of streamwise relaxation on x * . The O 2 freestream case is maximally affected at 4200 K while, differently than the lower temperature analog, the CO 2 case is only marginally affected.
The higher Mach number case, in the bottom row of panels, presents a significantly stronger effect of carbon content on x * . Breakdown was not obtained for β u ≤ 0.5 for all cases but the self-similar CO 2 . Simulations were stopped when x became greater than 5000. Beyond this point, saturation of the forced energy occurs, and transition might still occur, but with a reorganization of spanwise scales, so that unstable modes at large ℜ theta are excited and become the most energetic. The analysis of such a non-forced transition requires a significant number of subharmonic modes, and was not considered in the present research. 
IV.C. Chemistry effects on primary and secondary instability
Bayly 21 analysis suggests that transition in convectively unstable (i.e., shear-flows) proceeds through a succession of increasingly more complex instabilities supported by the distorted basic flow. In planar mixing layers, primary forcing leads to a highly three-dimensional secondary wave pattern, which enhances molecular mixing by generating a sharp decrease in spanwise scales, a phenomenon described by ref. [9] as mixing transition.
In this section, the streamwise development of the primary wave, the distortion of the basic state and the destabilization of secondary waves are correlated to carbon chemistry within the NPSE framework. The deviation between linear and non-linear evolution of the forced frequency (primary wave) is analyzed in terms of the kinetic energy growth rate α E ≡ −1/E a ∂Ea ∂x , where E a is the kinetic energy of the most amplified linear mode. Figure 14 shows the linear and non-linear values of α E with thick and thin lines respectively for β u = 0.37, and for a parameter set identical to that discussed in the first four panels of Fig. 12. A comparison of the α E values at x = 0 against the linear rates indicates that non-parallel and viscous terms are of secondary importance on initial growth: α E,CO2 /α E,O2 ≈ 1.1 and α E,CO /α E,O2 ≈ 0.97 are similar to the values reported in Fig. 5 .
In all panels of Fig. 14 , the primary wave growth rate diminishes with streamwise distance because of the stabilizing effect associated with an increase in momentum thickness. The increase is faster for the low Re θ case, where the primary wave reaches a negative rate and saturates before secondary growth begins. On the other hand, at Re θ = 500, secondary instability begins when the primary wave is still unstable, and saturation does not occur. Comparing the left (self-similar) and right (parabolic) columns shows that the significant increase in transition distance for CO 2 is associated to a small decrease in α E of the primary wave, which is predicted by both linear and non-linear calculations.
A more detailed analysis of the transition process at β u = 0.37 is carried out by comparing in Fig. 15 the modal energy of the forced wave and most amplified stationary vortex for self-similar and parabolic profiles.
The first, third and fourth panels show self similar results for Re θ = 250, Re θ = 500 and Re θ = 1000 respectively, and suggest that for lower Re θ the stationary vortex becomes energetically dominant over the primary wave at a larger streamwise location and at much lower energy (approximately a quarter), while the transfer between primary wave and stationary flow continues well after saturation. As a result, at Re θ = 250, secondary instability is driven by the much stronger vortices, while for larger Re θ it is supported by the primary distortion to the basic flow.
A comparison between different carbon contents leads to the conclusion that the carbon dioxide freestream supports a significantly faster growth of the stationary vortex (dashed line in the top-left panel), which becomes more energetic than the primary wave at a lower streamwise location when compared to CO and O 2 . This effect is diminished by streamwise relaxation in the parabolic profile at Re θ = 250 (top-right panel), thus explaining the later development of the secondary waves and the transition delay.
The spatial development of streamwise vorticity is shown in Figs. 16 and 17 for two values of Re θ . The key observation is that while in the high Re θ case the streamwise vorticity maintains the structure of the primary wave, which thus drives the secondary instability, in the low Re θ case amalgamation of primary patterns leads to change of spanwise scales for x > 1000. The conclusion is that the primary forcing has saturated and secondary instability is supported by the more energetic vortices. 
